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Motivation

• In a magnetic field, electrons occupy states known as Landau Levels (LLs)
• These states exhibit interesting behaviors such as quantized transport properties

• When interactions with the lattice become significant (e.g. an insulator) 
electrons occupy non-LL states whose behavior differs from that of LLs
• Can probe electronic properties that are obscured by the high symmetry of LLs
• Here: a model where lattice effects eliminate quadratic momentum dependence

• By understanding the behavior of models we can place, frame, and inspire 
the engineering of materials with novel properties and applications



Lorentz Force Law

• Charged particles experience forces in 𝐸 and 𝐵 fields

• Cyclotron motion 𝑩



Landau Levels

• Select vector potential 𝐴 = (0, 𝐵𝑥, 0), then:

• Quantized angular momentum 𝐿 = 𝑛ℏ
• Equally spaced energy levels

• Linear dependence on 𝐵



Video from Wikimedia commons

Quantum Hall Effect
Quantized transverse 
resistance dependent 
on number of LLs 
within Fermi Surface
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Von Klitzing, et al, PRL 45, 494 (1980).
Thouless, et al, PRL 49, 405 (1982).

https://commons.wikimedia.org/w/index.php?title=File%3AQuantumHallEffectExplanationWithLandauLevels.ogv


Tight-Binding Models

• We saw a metal-insulator transition
• Only the occupied LLs are conducting

• Analysis before only considers 
behavior in an electron gas (metal)
• Tight-binding models consider 

electrons attached to orbitals of 
atoms in a solid (insulator)
• Study behavior across the transition
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Hofstadter Model

• Lattice with nearest-neighbor hoppings
• Select vector potential 𝐴 = 0, 𝐵𝑥, 0
• Quadratic in momenta to lowest order

• Energy is linear in magnetic field (if the magnetic field is small)

Hofstadter, PRB 14, 2239 (1976).



Zero-Quadratic Model

• Next-nearest-neighbor hoppings too
• Hamiltonian is quartic in momenta

• Energy is quadratic in magnetic field (if the magnetic field is small)
Quadratic in 𝑩



How to Study This Phase Transition?

• Metal insulator phase transition
• Electrons are exponentially localized around position 𝑟!

• ‘Localization length’ parameter 𝜉 determines how metallic/insulating
• Calculate 𝜉 as a function of 𝐵, or as a function of Fermi energy

• Transfer matrices
• Lyapunov exponents

• Describe how 𝜉 varies around phase transition

Pichard and Sarma, JPC 14, 127 (1981)
MacKinnon and Kramer, PRL 47, 1546 (1981)



Localization Length Dependence on Energy

• Infinite sample:

• Finite sample:

• Fit 𝑎!, 𝑎", 𝜈 from data



Results

• Critical exponent 𝜈 of 
the phase transition is 
independent of NNN 
hopping strength
• Exponent is in good 

agreement with 
Hofstadter model and 
continuum model 
(Chern number)
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Chern Number (Zhu 2019)

Critical Exponent is Independent of NNN Hopping

NNN Hofstadter Model

Obuse, et al, PRL 109, 206804 (2012)
Puschmann, et al, PRB 99, 121301 (2019)
Zhu, et al, PRB 99, 024205 (2019)



Conclusion
• Electrons exhibit a wide variety of behaviors, some of which are 

leveraged to enable device technologies
• Here we consider electrons in a magnetic field subject to lattice effects

• H, lattice effects eliminate the quadratic dependence of the Hamiltonian

• These zero quadratic states can be used in fractional quantum Hall 
physics as basis states for quasipartical “droplets”, which may be 
braided to encode quantum information
• These states enable the geometrical degree of freedom of the droplets to be 

leveraged, and which could lead to greater control of the encoded information

• We find that the phase transitions between zero quadratic states are 
indistinguishable from those of quadratic states
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Form of the 𝐾 operators



Hall Effect

• Two dimensional sample
• With electric and magnetic fields

• Classical Limit (small B, large T)

• Quantum Limit (large B, small T) Image from Wikimedia Commons



Why 𝑡! = −1/4

𝟏+ 𝟒𝒕𝟐 = 𝟎
if 𝒕𝟐 = −𝟏/𝟒



Transfer Matrices

• Iteratively solve Schrödinger Equation

• Use the matrix



Localization Length
• QR Decomposition (eigenvalues)

• Localization length from most conductive state (via Lyapunov Exponent)


