Input-Output Relation Spenser T.

Frequency-Space Input-Output Relation

Let us consider the Hamiltonian for a single-mode cavity with bosonic mode a linearly coupled to
a set of bosonic bath modes indexed by &

H = Heay + Zwkb;tbk + Z \/’%(aﬁbk —+ abL) (1)
k k

Now, the Heisenberg equation of motion for a single bath mode by~ is
Oubyr = —ilbys, H] = —i[bge, Hea] =i D wlbe, b =0 \/Aklbes, alby, + ab}] (2)
k k
= —itwpe (b, b bgr] — /T [bg= , abl.] (3)
= —iwprbpr — i/ Rra (4)

where in the last line we used the commutation identities for bosons.
This can then be integrated to obtain

t
b(t, t;) = e Rty (1) — i/ / dr e= (=g (r) (5)
ti
we can check that this is correct by using the Leibniz integral rule
d b<t)d sy d b@d 0
— t = f(t t)— f(t,a(t))—=a(t —f(t
i L, 4 67 = 1) 50— 16 00) e+ [ s (6)
so we see that
¢
Opbp+ = —iwk*e_i“’“(t_ti)bk*(ti) —1 Vk*[ —iwpe (t=t) g 0+/ dr —iwge Z“k*(t_T)a(T) (7)
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= — W [e g (t— t)bk*( —%Wk*/ dr e~k (t=7) ] Vi a(t (8)

= —iwp e (8, 8:) — i/ Yk a(t) (9)

which recovers the equation of motion Eq. 4.
Now, introducing

bim = bk(t, ti)eiwkt (10)
ikn = by (t;, t;)erti (11)
so returning to Eq. 5,
bout —iwpt —iwktbin . td —iwg (t—T) 19
e =e B — ik T e a(T) (12)
t;

which we can re-package as

bout bln — i/ Tk dT kT g (1) (13)
t;

which is the mode frequency space input-output relation.



Fourier Time Input-Output Relation

Now, to appreciate what we have done in the last section in a more physical context we should
replace all t’s with ¢; a final time of detection/output. This gives us the input-output relation

. ty ,
B — B — i / dr ¢“+7a(r) (14)
t;
with

DR = byt ti)e™ s (15)
ikn = bk(ti, ti)eiwkti (16)

Now let us introduce the Fourier time t so that the input/output operators in Fourier time are the
(discrete) Fourier transform

in 5wk —iwgtzpin
NOESY o€ KEpi (17)
k
ou 5wk —iwgtou
bR (1) = Z o € KRt (18)
k

where dw is formally 27/L for some high frequency cutoff L, but for us will be a uniform spacing
between energy levels in the bath with the continuum limit L — oo taken. We can then Fourier
transform to find

. ) e—iwkt ty )
O =20 1 VA [ dr ealn) (19)
k ti
or with
ef’iwkt
I(t) = TV (20)
k

by switching the order of the sum and the integral, we find

B () = BB (E) — i /t " dr T(t = () (21)

%

where if ¢; is in the distant past and if ¢; is in the distant future

[e.e]

DU (t) = bi(t) — z/ dr I'(t — 7)a(T) (22)
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