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Abstract

Here I pedagogically reiterate the work developed in PNAS 112, 12645 (2015) and 2304.02344,
with a reference to 1305.06412.

Microscopic Model

Let there be M conserved charges (),, occupying a M-railed quasi-1D system. The system is
quasi-1D in the sense that particles of species m can only hop along and not between rails, but the
probability of hopping is dependent on the number of nearby particles on other rails m’. Now, let
the conserved charges be given by

Qm = ann (1)

the total number of particles of species m on the m’th rail. Let this be an exclusion problem so
that nl, = 1 or 0 so that sites may either be singly occupied or unoccupied. Now consider totally
asymmetric (TASEP) hopping with periodic boundary conditions. Hopping is stroboscopic in time
and random. In one time step, consider site [ of rail m and select a random variable r from (0,1):

(2)

hop, 7>l andnl, (1 —nkl) =1
stay, <7l ornl (1—-nltl)=0

where
() = Pm > Do (s (8) + 151 (1)) (3)
/#m
is the threshold for hopping to occur. Note that I" couples rail m to the other rails m’ € {1,..., M}.
From this we obtain the current over the whole rail

Jm = pm(l - pm) <Tm + Z me’pm’> (4)
m/#m

where p,, = Qn/L is the average density. We now introduce the “compressability matrix”

L
» Z Gy, Qo (5)

where the average is evaluated over different realizations through time. With no exchange between
rails K becomes diagonal and has diagonal entries

=1

1 & 2 1 e 2
= L;«l_f)m) >+Z ; (Pm) (7)
= pm(l — Pm)2 +(1— pm)P?n (8)
= pm(l - pm) (9)


https://doi.org/10.1073/pnas.1512261112
https://arxiv.org/abs/2304.02344
https://arxiv.org/abs/1305.6412

this expression will be useful later.

Hydrodynamic Model

We then have the continuity equation
atpm(t7 Z) + aljm(ta l) =0 (10)

where we have taken the continuum limit by introducing the density in some region of length Al,,
with An,, particles: pp,(t,1) = Any,(t)/Aly,, and the particulate current j,(¢,1) = v (¢, 1) pm(t, 1)
for a velocity distribution v, (¢,1). We are free to use the chain rule

Ojm _ OJm Opm
ol Op, Ol (11)
and doing so obtain
atpm(t7 l) + apmjm alpm(ta l) =0. (12)

Now, with no microscopic underpinning, one assumes that there is a diffusion term
—DmOupm(t,1) (13)
and a (fluctuating/stochastic) white noise term
Ny oW, (14)

where D,,, and N, set the amplitude of the diffusion an the noise terms and w,, is white noise term.
With the inclusion of these terms we have the “non-linear flucuating hydrodynamic” equation

Otpm (t,1) 4+ 0pp Jm O1pm (t,1) — DiOiipm (t,1) + NpOywp, = 0. (15)
Now take the limit of small fluctuations p so that
pm(t7l> = Pm +pm(ta l) (16)

where high orders in p can be neglected as small and p,,, = Q,,,/L is the average charge density of
rail m. Doing so we find

Opm(t, 1) + 1 (1 = 2p)0p(t, 1) — 1O [p(t,1)%] — DinOupm(t, 1) + Nyywn, = 0, (17)

where we observed that for j,(¢,1) := rmpm(t, 1)(1 — pm(t,1))

apjm(t: 1) Oipm(t,1) = (1 = 2pm (£, 1)) O1pm (¢, 1) (18)
= product rule shenanigans (19)
= Tm(l - 2pm)alp(ta l) - Tmal[p(t’ l)2] (20)

Now this is just a re-branding of the expression in the PNAS paper:

atp,u + J,Lwalpy + Tul/)\alpypA - D,uzzallpy + Nuualwy =0 (21)



which we have written in covariant notation where the rails are m — p, m’ — v so that p,,(¢,1) —
pu- Here the tensors are defined as

T = oo (22)
%4,
v 23

where the currents j,, are obtained from the microscopic model, i.e. Eq. (4). D,, and N, are put
in by hand.

Change of Basis

Now let us consider the change of basis
Pa = Oaups  pu = Oguo® (24)
which is chosen so that
Ouyu " Ok = Vias (25)

where V5 is diagonal so that only V,,, are non-vanishing. We change from p and v to distinguish
between the physical rails pu and the normal mode rails a. These diagonal elements are the eigen-
values of J which are the characteristic velocities of the normal modes. Having performed this
diagonalization we have the hydrodynamic equation

(O™ apd™ + T (O™ ¢ + 1urd (O™ ¢ (071 b5 — DyO(0O™H)* ¢ + Ny Oy’ = 0

(26)
or, applying with Og‘ and assuming the O’s are constants relative to ¢t and [
O5 (071 )apdd® + 05 T, (0™ 9y + O§ 1 (0”1 (0™ 0padg (27)
—OF Dy (0N Oy + OE N, 0w’ = 0 (28)
which reduces to
at(% + 81V5a¢a + 31R?B¢a¢g — allf)?¢a + 81]\75#11]“ =0 (29)
where
b5 = Og(o_l)auat¢a (30)
Vit = OgJW(Ofl)O‘” (31)
R?B = Ogr,uw\(O_l)OW(O_l)B)\ (32)
D§ = 04D, (071 (33)
N5, = O4N,, (34)

and we again assumed that the O’s are constants relative to ¢t and (.

Renormalization Group




Now we consider the renormalization group operator Ry which acts as
Raf(,1) = AUF (A", £X°) (35)

with exponents a, b, c, or as we will be interested in

RAG(E,1) = A (tA°,IN") (36)
where a = —1 (see 2304.02344) and we can reexpress this as
Rad(t,1) = X 1p(tAVZ INTY). (37)
For KPZ we have (see 2304.02344)
y=2 (38)
z=3/2 (39)

For diffusive (Edwards-Wilkinson) we have

where 2 is the “dynamical exponent”.

Two-Point Correlation Function

Now, we are interested in the density-density correlation function

Sap = ($a(t,1)¢s(0,0)) (42)

to simplify the analysis one assumes the “hyperbolicity” condition that all normal mode veloc-
ities are different (J’s eigenvalues are non-degenerate). Such an assumption is not needed (see
2304.02344), but doing so means that in the long-distance/long-time regime only the diagonal
elements of S are non-vanishing. From page 11 of 1305.06412 we have

t o]
01Sna(t:1) = ~VaadiSan(t:D) = DanOSaalt) + [ dr [~ dt Sualt = 7.0 = 09uMan(r,0) (43
0 —00
which is obtained from (extensive) manipulations of Eq. (29), where
Maa(T,€) = RapyRapySp(T, £)S, (7€) (44)
is known as the “memory kernel”. I am being sloppy with indices here—everything here is written
covariant while this is not actually the case, and only the § and  indices are contracted. This is

now a system of equations that can be solved.

Solution

Let the Fourier transform be
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and the Laplace transform be

for= | Tt et () (46)

0

First, let us note that under Fourier transform
O — —ik (47)
so that
~VaaO; — DaaOy > ikVaq + k*Daq (48)

where for the time being we ignore what object (the two-point correlation function) these act on.
Additionally we can Laplace transform using the identity

of(t) — wf(w) — f(0) (49)
so that
9y Saa(t,]) = wSaa(w, 1) — Sua(0,1) (50)

where Saq(0,1) = 1 so that we can write (hereafter I am being schematic rather than rigorous)

1 = wSna(w, 1) + ikVaaSaa + k*DaaSaa + / dwe™" / dk Saak®  RapyRapySp(t k) S, (L, k — k)
0 —00
By

which becomes (51)

~ 1
Saoz 7l = . 50 T 00 = = = =
) W+ ikVaa + k?*Doa + [y dwe=t [72 dk k2375 RapyRapySp(t k)S, (E k — k)

(52)

Now, we will be interested in the long-distance (small-k) long-time behavior. Since the velocities
are different we assume “strict hyperbolicity” which means that R,g, = 0 when 8 # v and we have

1
WA ikVaa + k2 Do + k2 Y 5(Rapp)? [o° dwe=t [ dk Sg(t,k)Sp(t, k — k)

Sea(w, 1) (53)

Now since we are interested in the small-p limit, we want to know what the dominant exponent z,
so that Sya(w, k) = k™% fo(w). Multiplying on the top and bottom by k™% we have

~ kR

S k) = _ _ _
aalw k) = S Vaa + k2= Dag + k2720 3 5 (Rags)? f3° dwe=T [*_dk Ss(t,k)S(t,k — k)
(54)

Introducing (o = (w + ikVaa)|k| 7% and Qupg = (Ragp)? [3° dwe™t [*_dk Ss(t,k)Ss(t, k — k)

~ k2
Saa 5 k)= 55
(W ) Ca 4 k2—2a Do + kQ—zaQaa + k2—za Z,B;éa Qa,@ ( )

Next we note that

(kQ—za)2 _ (k—za)Q—za—l/za kS—Qza ~ ((w + ikVaa)k_zo‘)2_2‘1_1/Zak3_23agg_z°‘_1/za kS—Qza (56)



After a similar manipulation on the o # 3 term we obtain the final expression

Soalw, k) L
aa\W, =
Coc + kQ—zaDaa + Qaacgé—zu—l/zak?,—%a + Z,B;éa Qaﬁ(_i(vaa _ Vﬁﬁ)l/zgflklfzaJrl/zﬁ
(57)

where for simplicity we have assumed that k > 0. There are now a few regimes depending on the
structure of ) and therefore R. If R,z = 0 for all R we get diffusive behavior

~ o
Saalw, k) = O k2 Do (58)

in particular 1 = k?~?« is the power counting condition to find z, = 2. If only R, are non-vanishing

ke

S;oza(wv k) = ., _
Coz + k2 2a Dyo + Qaacgc #o—1/za k3—2za

(59)

and the dominant term is k3~2* or, power-counting z, = 3/2 which is the KPZ class.
The Fibonacci classes are then obtained from R, being non-vanishing.



