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Outline
(1) Experiments

(2) Postulates and possible terms
in L

↳ Chern - Simons term Ics

(3) When
is Ics gauge invariant?

(4) Consequences of Ics
↳ gapped spectrum
↳ quantized resistance



IQHE : m c-ZExperiments
Ra✗→ 0

Rxy→ mhz and 1-¥

FQHE : If ①

÷.÷÷¥
t.IQ#-L-



Why You Should Care
• Fractional ized Charge

↳ quasi particles with conductance 1m¥ have charge Em
• Fractional statistics
↳ quasi particles with conductance 1m¥ have fractional

exchange statistics : O = Im

• • • Exchange • • •

→

14> e.it/m1v>



Current Response
• Real gauge field couples to the current J

SA = fdtdx Jµ AM
• The corresponding conserved current is 2µJM=o
• Extremist action, then

%¥=J"
• Hall conductivity ⇒ Hall resistance

g-
✗
= 0×4 Ey Rxy = 0×51



FieldTheory : Coarse training
• Impose symmetries and general considerations
↳ without attention to microscopic details

⑤ To explain the FQHE, we need only assume

↳ At low energy there are no D. 0 .F. s that change
the perturbative response

⇒ There is a gap !

↳ For convenience
, also assume rotational symmetry

• study the low energy and long range behavior



Perturbative Real Gauge Field
• A

µ
is ostensibly large 0110 Tesla)

• But we are not interested in electronic motion

↳ quasi particle motion

↳ introduce an emergent gauge field am

• Add all symmetry- allowed terms

• The coupling between A-
µ
and air is perturbative



Actions
• Rotational symmetry
⇒ only an even number of gauge fields

• Low energy/Long range
⇒ only lowest order terms/ derivatives

• The allowed terms up to second order

I= Le;near + Imaxwell +IChern-simons
- in -
onefield two fields one field and
derivative two derivatives one derivative



Remaining Terms
• Chern - Simons action

Scs [ A ,a] = fdtdx Lcs
Lg - EµvpAMÑAl + EmryAmiral - m÷Eµrp amoral

• Lcs breaks parity and TRS
• But is Ics gauge invariant ?

↳ At first glance, yes :

A-
µ
to Aµ+2µW

List Iis -1^-2"lWEµ~eÑ AM



Quantization of m (1/3)
• Thought experiment : what is Scs

on a sphere 52

surrounding a Dirac monopole
?

←sphere
g2

•%
• We have fdzx Foxy = ¥
• The CS action is

Scs = - end mzA_ fdtdx AoFay+ Ax Fyot Ay Fox
= -% MI gdtdzx ZAO Fay
= -e÷m±zAo the
= - emaAot



Quantization of m (2/3)
• How does Scs change under gauge transformation?
• Generally Aµl→Aµ+2µW ⇒ ¢ /→ eiewo
↳ w need not be single valued
↳ only eiew needs to be
↳ so called

" Large
"

gauge transformation you
•With time -periodicity T, this means

jw-ZeIt_J@T_tmodT.Aotransforms as

Ao-10 Aot ¥



Quantization of m (3/3)
• We have

↳ Scs= - e MA Aot

↳ Aot Aot ¥
• So under gauge transformation

Scs to Scs - e MA ¥-4T
= Scs - 21TMA

• Observables come from the partition function
2- = ei Scs ↳ eiscs e-IZITMA

• Observables only invariant if MAez



Integer QHE
• We have the Chern- Simons Action

Scs [ A] = - F- fdtdzx EµvpAMÑAe

• We find the current by the functional derivative

d Scs '

Ji =
-gA;

= -⇐ m¥2 Eoij At

• Which is

oxy = MA¥



Fractional QHE (Vz)
• Consider the emergent gauge field aµ and its coupling to Aµ

Scs [ A ,a] = F- fdtdx EnvyAmoral - m÷Eµrp amoral
• Equations of motion

12µAr- 2nAµ ) -ma Amar-2raµ) = O

NE -£µv
⇒ fµr= mda Fmr⇒ aµ= Amta

• Effective action is
Se£f[A] = F-fdtdhzina-E.meA"TAP



Fractional QHE (2/2)
• Effective action

Se££[A] = F-fdtdhzina Em, A"JAP
• We find the current by the functional derivative

Ji = d§¥- = ⇐¥2 Eoij Ai

• Which is

a-g.
= -1m¥



But
,
is it crapped?

• Consider quasiparticle motion alone

5= Sinanwell + Sis
= fdtdhylgzfmrfm-e-mza-E.mx amiral

• Equation of motion

⇒µ f-
""
+F-MI Ewf,, = 0

• This describes a field theory with a massive photon
↳ There is a gap

Egap = g- F- mog



Why You Should Care
• Fractional ized Charge

↳ quasi particles with conductance 1m¥ have charge Em
• Fractional statistics
↳ quasi particles with conductance 1m¥ have fractional

exchange statistics : O = Im

• • • Exchange • • •

→

14> e.it/m1v>



Questions ?



Other FQHE States
• Introduce mere emergent gauge fields
↳ simplest case a,

& az ⇒ m¥ state, etc .
•
" k matrix" generalization

Scs = fdtdx [EnvyAmira? - [K Gave a;"Ña¥
i i,j

⇒ oxy = Trlk-11¥
⇒ Exchange statistics 0;j= ( KY;j1T


