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Let us consider the two-point correlation function

iGαβ(t, t′) = ⟨aα(t)āβ(t′)⟩ =
∫

D[ac, aq]aα(t)āβ(t′)eiS[a
c,aq ] (1)

where α, β can assume values of either c, q. Now we are given that

iS[a+, a−] = i

∫ ∞

−∞
dt [ā+i∂ta

+ −H(ā+, a+)− ā−i∂ta
− +H(ā−, a−)] (2)

where the second-quantized (normal-ordered) Hamiltonian is

Ĥ = ω0â
†â+

K

2
â†â†ââ (3)

We can now Keldysh rotate

a+ =
ac + aq√

2
, a− =

ac − aq√
2

, ā+ =
āc + āq√

2
, ā− =

āc − āq√
2

(4)

to find

iS[ac, aq] = iS0 + iSint = i

∫ ∞

−∞
dt āc(i∂t − ω0)a

q + āq(i∂t − ω0)a
c (5)

−i

∫ ∞

−∞
dt

K

2
(ācaq + āqac)(ācac + āqaq) (6)

where S0 is quadratic and Sint is quartic. We have

Z = eiS = eiS0+iSint = eiS0eiSint ≈ eiS0(1 + iSint − S2
int) (7)

where we used that S are scalars so there is no need to use the BCH formula. Now for bosonic
(coherent states/complex scalar a), weighted by ei

∑
ij āiG

−1
ij aj = e−

∑
ij āi(iGij)

−1aj (where (iGij)
−1

is invertible and has non-negative real parts of all eigenvalues) the Wick theorem is

⟨aiāj⟩ = iGij (8)

⟨aiaj ākāl⟩ = iGikiGjl + iGiliGjk (9)

⟨aiajakālāmān⟩ = iGiliGjmiGkn + iGiliGjniGkm + iGimiGjliGkn + iGimiGjniGkl + iGiniGjmiGkl + iGiniGjliGkm

(10)

Now expressing as a matrix and inserting an infinitesimal damping η

iS0 = i

∫ ∞

−∞
dt

(
āc

āq

)(
0 i∂t − ω0

i∂t − ω0 2iη

)(
ac

aq

)
(11)

so we see that

G =

(
0 i∂t − ω0

i∂t − ω0 2iη

)−1

=

(
− 1

i∂t−ω0
2iη 1

i∂t−ω0

1
i∂t−ω0

1
i∂t−ω0

0

)
=

(
GK GR

GA 0

)
(12)

where Gqq = 0.
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Now we have (where we indicate the time dependences with subscripts a(t1) → a1 and a(t2) → a2)

Z ≈
∫

D[ā, a](1− i
K

2
(ācaq + āqac)1(ā

cac + āqaq)1 (13)

− K2

4
(ācaq + āqac)1(ā

cac + āqaq)1(ā
caq + āqac)2(ā

cac + āqaq)2)e
iS0 (14)

For the linear in K terms we have that (where we are free to commute variables since they are
scalars, and everything here is at time t1)

⟨ācaqācac⟩ = ⟨aqacācāc⟩ = −GqcGcc −GqcGcc = −2GAGK (15)

⟨ācaqāqaq⟩ = ⟨aqaqācāq⟩ = −GqcGqq −GqqGqc = 0 (16)

⟨āqacācac⟩ = ⟨acacāqāc⟩ = −GcqGcc −GccGcq = −GRGK −GKGR = −2GRGK (17)

⟨āqacāqaq⟩ = ⟨acaqāqāq⟩ = −GcqGqq −GcqGqq = 0 (18)

Now we recall the relation GR +GA = 0 (and GR −GA = −i) so that

⟨ācaqācac⟩+ ⟨ācaqāqaq⟩+ ⟨āqacācac⟩+ ⟨āqacāqaq⟩ = −2(GA +GR)GK = 0 (19)

where the zero only holds after the contour integral (see Kamenev Eq. 2.45). The sixteen 8-point
functions may be evaluated similarly where the substitution GR(ti, ti) = 0 and GA(ti, ti) = 0 is
justified by the discussion under Eq. 2.45. The terms that remain after doing this then vanish once
GR(t, t′)GR(t′, t) = 0, GA(t, t′)GA(t′, t) = 0, GR(t, t′)GA(t, t′) = 0 are taken into account (which
follow from the step functions).
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