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THREE DIMENSIONAL QM INFINITE SPHERICAL WELL

The TISE still holds as Hy = Ev, and
the extension from 1D to 3D follows:
r = x,Y,2 < 71,0,9

Y(z) = Y(z,y,2) <= P(r,0,0)
V(z) = V(x,y,z) < V(r,0,p)

L0 . ‘
p= —zh%hm & = p=—ihVY)
U, (2,t) = W, (r,t) = P, (r)e Bt/ For £ =0 the solution is simple:
d*u .
PARTICLE IN A BOox i = ASH;(k;)Q
i h
Assume separable =X (x) Y (y) Z(z), .00 = w; E,o= T
@)Y (W) Z(2), Y00 e 0=

which for a free particle becomes: ) ‘ ] '
R, with spherical Bessel functions jy:

Radialequationfor R(r), withu=rR(r):
n? d*u h? 1
——+ V—|—f£(£+ ) u=Fu
2m  r?

" 2m dr?
For the spherical well, the potential is:
0 r<a

o a<r

V(r) =

—k*u = u(r)

1 d?’X 1 d’Y 1d*Z 2mE
5t T35 = ——— R(r) = Aje(kr)
2 2 2 2

X dw . Y dy ) Z dz ) h The spherical Bessel functions are:
The solutions are sines and cosines of 1d\si

. . ¢ sin(z)
wavenumber k;, where the energy is: je(z) = (—x) (d)

x dx x

E= The Bessel functions have multiple (co)

h2
— (kI + k. + k2)
2m zeros, Bne, where k = B,¢/a, and so:

Box of size a® at the origin removes cos h2p2,
N m
terms, so wave function for A; =+/2/a: U o,m=Ane je(Bner/a) Y™ En’EZZmZLlQ
U@y, 2 H A;sin ( ) THE HYDROGEN ATOM

SPHERICAL SCHRODINGER EQ For the Hydrogen atom, the potential is:

Hamiltonian is chosen as H=p?/2m+V.
The Laplacian in spherical coordinates:

s 1 0[50 10 ) 1 22
vie—— (2= )+ sinf — |+ —
r29r\ 8r) r2sin6 86 80/ r2sin260\ 0,2 =

With potential V'(r), the Schrédinger

equation is then solved by separation of

variables and power series expansion:
e Separate ¢(r,0,0)=R(r)Y (0, )

Bound states are found from solving
the radial equation for v = rR with
k=+/—2mE/h2, p=rkr, po=2me?/hk:

2
e Substitute, divide, and cancel d% - (1 __Po i f(f—;— 1)) u
e Separate variables (equate to 0) ) dp. ) P

o Set equal to ££(¢+ 1) Using limits of p large and small, guess:
e Separate Y (0, ¢) = O(6)P(p) u(p) = Pe+1€7PU(P) for some v(p)

Guess the power serigos ansatz:
v(p) = ijo a;p’
Plugging into the ODE and solving, the
solutions blow up unless series ends at n:
20 +L+1—n)
G+1)(j+20+2)"
End is from py = 2n, which sets F as:

i me?* - & _ _13.61 oV
n2 \ 262 )]  n2 n?

The ground state energy is not at —oo
me P (cos §) because of the uncertainty principle.

e Substitute, divide, and cancel
e Separate variables (equate to 0)
o Set equal to +m?
e Solve for @ with sep. of variables
e Solve for © with power series
e Solve for R with power series for
a specific potential energy V(r)
e Multiply ¢ = R(r) ©(0) ®(p)
The solutions Y (0, p) = ©(0) ®(p) are p _ _
spherical harmonics for integers |m| <lI:

Ylm:\/@l“) (L= [ml)!

Ajy1 =

dr (L4 [ml])! : .
P is the associated Legendre function The Bohr Radl;;s » of state By is:
for e =—1™ for 0 < m and 1 otherwise: a=—5 =0.529 A
o (—a?)lml2 ca Nt e
pr= e (da:) (* —1)"  Quantum numbers |m| <1 <n— 1.

ANGULAR MOMENTUM

Radial momentum is, from L = r X p:

1 hl 0
Pr=3 <r’”‘P“"U) ~iror
Some angular momentum operators:
Lz = TPy — YPz
Ly =1L+l

LP=L2+L}+L2

=LiL++L2FhL,
Their representations as operators:
_ho
i Do

0 0
_ +ip
Ly = the (89 =+ i cot(0) 8@)

oy 1 9(. 9\ 1 &
Lo==h <sin9 90 (smeae> toinZ6 0g?

Commutator identities:

z

[A,B] = AB — BA
[A,B] = —[B, 4]
[A,B-C] = [A,B] - [A,C]
[A, BC] = [A, B|C + B[A,C]

These commutation relations hold:
[Li, Lj] = é‘ijkih[/k

[Ls, L) = +hLs
[L;,L*] =0
[Ly,Lg] ==+2RL,
[Li,L?] =0
Hamiltonian f(Q)r a central potential:
- 2p7;1 2mr2 ()

Simultaneous observables of Y, "=|¢, m):

L2|6,m) = h20(L + 1)|¢,m)
L.|¢,m) = hml|¢,m)
H|t,m) = E|¢,m)

Raising/lowering operators act on m:
L.(Lx|t,m)) = h(m £ 1)(L+[{,m))
LA(Lel,m)) = R24(0+ 1)(Le|£,m))

Forl=n/2, m={-0,—(+1,...,0—1,(}

Matrix elements are found as:
(€, m'|Ly €, m) =h\/L(l+1)—m(m~+1)8,1 i1
(€,m'|L_|0,m) =h~\/L(+1)—m(m—1)8,1/ m—1

(€, m/|L2|6,m) =hmb,,s

Ex. mi and mo, separated by rg, and
p=mimsz/(mi+ms), thence I = ur3:
L? L(0+1
H=om Bye=(nt1/2)ho+ ( + )
Expectation values, and time evolutlon

may be calculated for a given state.

h2
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SPIN

Spin is an additional degree of freedom.
For two states, it may be expressed as:

1) =13,3) and |1) = |3,—3)

o =)

Spin operators commute as:
[Si, SJ] = ihSkeijk
Eigenvalue relations are just like for L.

=ax +bx*~

The spin measurement operators, or
the Pauli Matrices are with i/2 = 1:

(0 1 (0 —i (1 0
=1 o) =0 ) s )

Expectation values may be found with:
(Si) = XTSiX

S; matrices are unitary, so (S2)=h?/4.

The eigenvectors may be set as a basis

of eigenvectors of .S;, and the probabili-

ties of measurement thence calculated:

()= (o= ()= (1)

SPINS IN A MAGNETIC FIELD

With magnetic field in 2, spins rotate:
H=-~vB-S,

Spinor states have an energy splitting,

and so are time dependent, and rotates

at angle a, with frequency w=+|B]|:
cos(a/2) exp(iyBot/2)

X(t) = (sin(a/2) exp(—ivBot/2)>
Even an infinitesimal field may flip S:

(Sy) = L sin(a) cos(wt)

(Sy) = — B sin(a) sin(wt)

(S.) = B cos(a)

2
Force arises in an inhomogeneous field
and leads to the Stern-Gerlach result.

ADDING ANGULAR MOMENTA

Multiple particles: spin operators act
on each particle to yield the usual
eigenvalue relations, and m = mi+ms.

Two particles: [11), [11), [11), [), so,
considering the lowering operator S_,
one arrives at “triplets” and “singlets”:

|1,1> :|TT>
L0 =g+ s =1
|1’_1> =)

{10.0) = (1)~ i }s =0

Operators may act on these to yield
eigenvalue relations, and determine s.

ELECTROMAGNETIC EFFECTS

With both electric scalar potential ¢,
and magnetic vector potential A, find:

2
H= (p—cAS + g9+ V(z)
2m

With ¢ =0, and A = B/2-(—y&+z9),
the Landau Level quantization arises:

P’ mngQ. _ 1
H—%“r 9 ,E—(n+§)hw0
Gauge transformation A — A + VA,
as in AB Effect where a beam is split:

W — Peiah/h Aharonov-Bohm, - g

IDENTICAL PARTICLES

For multiple particles, H generalizes:
h? h?
H=—-—Vi——V3+V(r,
om ! 2m " ? + V()
Particles are identical in QM, so they
cannot be labeled, so two possibilities.
Particles with integer spin are bosons,

and particles with half-integer spin are

fermions. Wave functions follow from
a Slater Determinant and Permanent:
1/’1(7"1) 1#2(7"1)
Up = A det
d Folra) Walra)
= A(1/J1(7"1)7/12(7"2) - 77/11(7”2)1/12(7’1))
e A 1(r1)  ab2(r1)
" perm‘wm V(r2)

= A(1(r1)v2(r2) + ¥1(r2)ibe(r1))
Noting that if ¢; = 1), then ¥ = 0,
which is the Pauli exclusion principle.
Exchange relations then become clear:
Up(ri,r2) = —Vp(ra,r)
\IJB(T'l, 7‘2) = +\I/B(T27 7’1)

Exchange forces can be calculated, viz,
bosons cluster and fermions don’t:

((m1—22)*)F = (2)1+(2°)2 —2(2)1 ()2 Fexch
2
exch = 2

/wg(ﬂﬁl)zlwl(ll)/¢f(m2)$2¢2(m2)
zq zg

NON-INTERACTING PARTICLES

For non-interacting particles, one may
pretend that they are separate, so that
V(r1,re) = V(r1) + V(r2), so 11 and
1o each, fulfill the one-particle S. Eqn,
and have total energy of E = Fy + Fs.

Total wave functions are products of
the single wave functions. Linearity
of ¥ = 1119, implies entanglement,
where a particle’s state and another
can be linked: measure one get one free!

FREE ELECTRON GAS

Begin by assuming that electrons are
non-interacting, and that they reside in
a periodic solid modeled by an Lx L x L
box with periodic boundaries. If this
is the case, then for a single particle
solved for by separation of variables,
normalized by A = /8/L3, and with
wave vectors k; = n;w/L, for n; € N:

Vi k., = Asin (kyx)sin (kyy) sin (k. 2)

Whose energy eigenvalue is evidently:
h? k- k
- k2 k2 k2 _
2m( o TRy +E) 2m

Ek k.

The highest occupied energy relates to
a wave vector kr known as the Fermi
radius, which is for N electrons in real
volume V', accounting for the 2 spins:

4 2 3 2y 1/3
25 () (%)

L \%4
Related Fermi quantities are defined:

pr = hkp

vp = pp/m = hkg/m ~10% m/s
er = pi/2m = h*kE/2m  1—-10eV
Ty = ep/kp = B*k3/2mkg ~ ~10° K

The degeneracy pressure is outwards:
OFEot 2By 2 B2k

pP=- = =2
v 3V 310n%m

KRroNIG-PENNEY MODEL

Bloch’s Theorem reduces periodic po-
tential problems to solving withing one
unit cell. For an a-periodic potential:

Pa+a)e S =(a), ring: v(z)e™N <= ()
The KP Model assumes a potential:

N-1
V(iz)=a Z o(x — ja)
3=0

The general solution in the free region:
Y(x) = Asin(kz) + B cos(kx)
With Bloch’s Theorem and boundaries:

cos(ga) = cos(ka) + % sin(ka)
Non-dimensional consistency relation:
f(2) = cos(z) + Bsinc(z)
For negative energies and z, one finds:
f(2) = cosh(z) + Bsinhe(z)

This is a quantitative description of
bands and gaps in an energy spectrum.
There are N states between z = +1,
which effectively form a continuum.
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