Physics 105B at UCLA ¢ Formula Sheet (1 of 2)

TRIGONOMETRIC IDENTITIES CENTRAL FORCE MOTION

Euler’s formula, e = cos(#) +isin(6):  For central force motion:

sin(0) = (e*® —e%%)/2i; cos(0) = (e +e7 k k
© = ( Vai e = e p Koy pgy  k
r T

SOLVING DIFFERENTIAL EQS

Begin with a linear, second order ODE:
E(t) +ad(t)+ Bx(t) =y(t)
Now note that the solution to this is:
z(t) = zp(t) + p(t)
Find homogeneous solution via Ansatz:
o) =eM = N +ar+6=0

The Pythagorean identity is:

Lagrangian with g= (mimsz)/(mi+ms):
sin?(a) + cos?(a) = 1

1 1 .
L= SuliP=U () = Su(*4120) U (r)

Sum and difference identities are:
The angular momentum and energy:

Find particular solution via Ansatz: sin(a £ ) = sin(a) cos(B) % cos(a) sin(5) ' 2 U 2
. . = uru; L= 55
exp ¢ exp(wt) cos(a + ) = cos(a) cos(B) F sin(a) sin(3) a 2ur?
. . The total energy is found to be:
zp(t) = q trig 1 cos(wt) + casin(wt)  Fourier sum to product identities are: &Y

1.
E=-pi’4 Ui+ U < r==%

2
sin(ma) cos(nz) = % [sin((m+n)z) + sin((m—n)z)] 2 M (B-U-U)

poly >, citt
Then solve the algebraic equations and
combine solutions for general solution.

cos(mz) cos(nz) = i [cos((m+n)z)+ cos((m—n)z)]

DYNAMICS OF SYSTEMS

sin(mz) sin(nz) = 1[cos((m—n)z)— cos((m+n)z)]

DeEcouprLING ODE SYSTEMS

General method to decouple equations:
Write your system of equations
Differentiate one and rearrange
Substitute into other, simplify
Repeat as needed until decoupled

VECTOR IDENTITIES
The dot product is given by:
v-w = |v||w]cos()
V- w = viws + vjwy + vwyg

The cross product is given by:

[v x w| = |v||w] sin(6)
i j k
vXwW=|v; vj Vi
wi; wj wf{

Scalar and Vector Triple Products:
a-(bxc) =b-(cxa)=c-(axb)
ax(bxc)=(a-c)b— (a-b)c
Scalar and Vector Quadruple Products:
(axb)-(exd) = (a-c)(b-d) — (b-c)(a-d)
(axb)x(exd) = (a-bxd)c— (a-bxc)d

OTHER COORDINATE SYSTEMS

Rectangular, 1 =x1; xo=x9; x3=13:
ds® = da? + dy? + dz?; dv = dzdydz
Cylindrical:

x1 =rcos(¢); x, =7rsin(@); z3 =2
22 +x3; p=tan"!(xo/x1); z=13
ds? = dr*+r2d¢®+dz?; dv=r drdodz
Spherical:

=

z1 =rsin(0) cos(¢); x2=rsin(0) sin(¢); z3=r cos(0)

r=y/z? + 23 + z3; 6=cos™ (z3/r); p=tan" '(zz/x1)

ds® =dr*+r2d6*+r? sin? (0)d¢?; dv=r>sin(6) dr db de

HAMILTON’S PRINCIPLE
Lagrangian, and generalized momenta:
oL
L=T-U; pi=4
9gi

The Euler-Lagrange Equations are:

t2 L d[dL

The Hamiltonian is given by:

H= (> pjg)—L
If generalized coordinates/constraints
are time independent, and potential is
independent of ¢, then H =T 4+ U.

Linear and angular momentum are:
Plin = ML4; Pang =T X P

Hamilton’s equations are given by:

_ OH 0H

~ Opr’ Oqr

The Liouville Theorem says that the

canonical volume is constant through

a motion, dp/dt = 0:

N =pdV; dV =dq ...dqsdp; ...dps

qx Dk =

OBTAINING HAMILTON’S EQS

e Draw a picture of your system
e Find the Lagrangian
— find z, y in generalized form
— differentiate z and y
— substitute for T" and U
e Find Hamilton’s Equations
— Find generalized momenta
— Hamiltonian as a sum
— Convert z to terms of p,
— Find Hamilton’s Equations

The center of mass is, with dm = pdV:

Rem :Z%ri; Rem = %/rdm
Linear momentum and acceleration:

P = MRem; F=P=MR.,
The angular momentum is:

L=R., ><P+Zri X D;
The Kinetic Energy is:
T = Tirans + Trot = 3MVZ+ ) " mv}
Momentum is conserved, ex. rockets:
v = g + Vex In(mg/m)

SOLVING ELASTIC COLLISIONS

e Draw a picture of your system
Write conservation of p and F
Solve for easily found quantities
— With scattering angle 1,
cos?(¢)) + sin®(p) = 1
— Isolate variables from others
Find the quantities that you want
— Substitute solved variables
— Put everything as knowns
— Algebra to completion

SCATTERING CROSS SECTIONS

The differential cross section is:
- datot b db

carr(0) = —q- = sin(0) | do

dQ)
The total cross section is:
doy, .
Ttot 1) = / oai (0)27 sin(60)do

dQ2
Scattering angle; angular momentum

L=02uT -, E =Tr—, 0 = 7206:

2 2
T £r< dr g b/r< dr
A(_):/Tmax )/ :»(—):/OC /"

Tmin /2n(E-U-Uy)

Rutherford Scattering has infinite o:

Otot =

Tmin \/1—(b2/r2)—(U/To)

. k2 1
Ur) = = oaie (0) = (4T —o0)? sin*(0/2)
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NON-INERTIAL FRAMES

For any @ in rotating coordinates:

T
dt fixed dt rotating

Including all fictitious forces, one finds:
Feg=F —mR —m(wxr)
—m(wX (wXr) —2m(wXwv,)
On Earth & = 0, and, mR = m(wx7):
Fegr = Fother ext + Mg — 2m(w X v,)
RiciD Bobpy DYNAMICS

Moment of inertia tensor components:

1,2,3
k| T Ta,ilaj

I = Zma (((51»7]- Z xi
k
Iij = \/’Ud’U p(?") (<5i,j ZZ%)*Z“EJ)

Moving the origin by a from 7 to T¢m:

Ti’ ( 26 J)
Angular morientum may be computed

Li—ZIijwj:L—I-w
Rotational kinetic energy is found as:

— 1 2 __ 1
Trot—§Zmi(w><ra) =sw-L

= %Zlijwiwj sum over ¢ and j
Principal moments of inertia are the
eigenvalues and principal axes are the
eigenvectors of the inertia tensor. (It is
easier if already partially diagonalized)

EULER ANGLES

Euler angles quantify angular velocity
with angles from fixed to body frames:

w1 =d1+61+11 = ¢sin(h)sin(v))+6 cos(v)
Wo = dot-Oat1)s = ¢ sin(h)cos(1)) —0 sin(e))

w3 = s+ 0s+1p3 = dcos(0)+1)
Torque is the sum of tangential forces:

I'= (dL> (8L> +wXL = (8L) =T—-wXxL
dt ot ot )y,

For motions with external forces I';:

Ly =T — wows (I3 — I)
Iy =Ty —wiws(ly — I3)
Isws =T's —wiwa(lo — It)

DeEcouprLING ODE SYSTEMS

Define normal coordinates as:
Q; =q-v;; v; normalized
Equations decouple with substitution

Ex. v1 = % (1), and vg = % (_11):

Q1 =(1+q)/2 Q2= (q1—q2)/2

COUPLED OSCILLATIONS

With coupled oscillations of two or
more oscillators, there appear normal
modes v;, and normal frequencies w;,
which may be evaluated with initial
conditions to find a general solution.

e Draw a picture of your system
e Find L (as in Hamilton’s Eqs)
o Write Euler-Lagrange Equations
— Make it only include §; & ¢;
e Differentiate and use Ansatz
= At g, = Apet
Divide by e™?
Write matrix equation M A =0
Solve secular eqn |M| = 0 for w?
Write the n. mode frequencies w;
Solve for v; if (M —w?1)v; =0
— Explicitly write the vectors
— Can normalize v;erv,- =1
— v; are orthogonal if w? are

distinct, for symmetric M
Write the general solution:
q1

q=
qn

:Z Pv; COS(wit—(bi)

A cos(wit—a)+ B cos(wat—f)
(1), (2) = A cos(wit—a) — B cos(wat—f)

e Solve for boundary conditions
— Explicitly write derivatives

WEAK COUPLING

The goal is to find ¢1(t) and go(t).
e Write in uncoupled frequencies
— wop = (wl +WQ)/2
- = wi = w(l+e)
— = wa R wy(l—¢)
e Solve for the general solution
e Make the solution a product
— Use Fourier’s Identities
— Write in terms of €

LOADED STRING

The Lagrangian for the loaded string

with n masses m of spacing d at g;(t):
n+1

L= quj
Which has the equatlons of motion:
.. T
G = —=(¢-1 = 245 + ¢j1)

With the Ansatz ¢;(t) = aje’?, then
g;j(t)issumover r=1,...,n frequenc1es.

T 4T T
ajr=a,sin ]? Wy = asm Q(T‘f‘l)

QJ 1—%)

CONTINUOUS SYSTEMS

General formulae for oscillating strings:

v=+/T/p, \f=v, w=27f, k=w/v=27/A

If both ends are at rest, Fourier Sines:

2 L ./ .
an—f/o dz q(z,0) Sln(fl’) ;bn ~ ¢(x,0)

w:\/?zi (mrd)ng oo
" pd L 2 " p L
q(z,t)= Zn<ancos(wnt)+ Z':L sin(wnt)> sin(%x)

For driving forces, think about how to
expand F(x,t), and how the Fourier
Expansion changes. Draw a diagram.

Wave equation, Helmholtz equation:
0w 1 020 0%,
=5 = , T¥n ki =

0z~ 02 92 912

May be solved by two separation types:

\I/(x t) = f(z+vt) + glz —vt)
(or) Z Yn(z) exp(iwnt)
Phase vp, and group, vg, velocities:
d
vp:%andvgzifork:n—;

SPECIAL RELATIVITY

Einstein’s Special Relativity postulates:
I. Same physical laws in all inertial frames.
II. Light’s speed is a universal constant.

) Times and distances measured in their

own frames are known as “proper.”

Galilean invariance gives the transform
between frames of 2} =z —vt, ¢’ =t.
With v in the z; direction, the Lorentz
transformation from the stationary z;
frame to the moving 2/ frame is, with

B =wv/cand the factor v = 1/4/1 — 52
zy = y(x1—vt) x1 = y(xy +ot")
.’EIQ = X2 T2 — .'.EIQ
U{IJ1>

/ ’
T3 = T3 I3 = T3

’ VT
&1 = (i1—v)/(1-d1v/c?)
iy = @2/ (y(1 — d1v/c?))
iy = a3/ (y(1 — d1v/c?))

With [ in z frame, and observer in z’
frame seeing both ends at same time:
=1/ —l\/l—ﬁ2
With ¢ at a ﬁxed location in z frame,

and observer in x’ frame:

At =ty —t] = yAt = At/\/1 — 32
Relativistic Doppler effect for receding
v < 0 and nearing v > 0, with A\f = ¢:
VI+3 VI-P
7femit e )\d - )\e
V1-p V1473

fdetect =
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